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1. (16 points) In a factory producing soda, the bottles are filled according to the
Gaussian distribution with mean 300 ml and variance 100 ml. If each bottle has
capacity of 315 ml, what percentage of the bottles are overfilled (filled above

the capacity)?

Solution :

Define

X = volume of soda in a bottle

Then

X ~ N(300,100).

For a bottle to be overfilled, X > 315. So

X —300 _ 315 — 300
>

P(X > 315) :IP’(

10 10

) =P(Z > 1.5)

=1-P(Z<15)=1-&(1.5)=1-0.9332.




2. ( 10 points) Determine whether the following statements are True or False.
Circle T or F. No explanation is required. Let A, B, and A; denote events in a
sample space S and let P(.) denote a probability measure on S.

( Note: A statement is assumed to be true if it is true in any possible case,
and it is assumed to be false if it fails in at least one case.):

.

V1.

VL.

V1L,

1.

For a continuous random variable, probabilty mass function is always zero.

PDF values must be less than 1.

In a Bernouli trial there are 3 possible outcomes.

Probabilities can be computed using the random variable’s CDF.

Lifetime of computer part is a continuous random variable.

For a standard Gaussian X, we have P(X > 1) > 0.5.

Probability mass function is always positive.

For any random variable X', we have P(X € A) =1 —P(X € A°).

For any random variable X, we have E(X?) > E*(X).

Number of sunny days in a week is a binomial random variable.
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3. (16 points) Let X be a continuous random variable with the probability density

function (PDF)
ar+b ,0<x<1
-

,else

If it is given that the expectation of X is 7/12, then

1. find the values of a and b.

Solution :
First,
00 1 2 1
ax
1:/ f(x)dx:/(am—kb)dx:T-l—bm} =—-+b
—00 0 0
Second,
7 > L a b
L =E(X)= /_Oox-f(x)dx—/o (0a? Hbadz = 5 + 2.

Then a =1 and b= 1/2.

ii. Evaluate the probability P(1/2 < X < 2).

Solution :
Since
r+ - ,0Z2 <1,
flz) =
0 ,else,
we have

]P’(1/2§X<2):/2 f(:r)d:r:/ll (:Hl)dx
3
8



BONUS - Q1 (15 points) Find the value of the integral

5
/ e*(x*4)2/32dx
-1
Solution :

We note that the probability of a normal random variable with parameters p
and o2 being between a and b is

1 b
Pla< X <b) = \/W/ e~ (= 129% g,

Hence define X ~ N(4,16). Then this integral equals
=Vv32r-P(-1 < X <5)

-1-4 X-—-4 b5—-4
=vV327-P
327 ( 1 < 1 < 1 )

= /327 (0(0.25) — B(—1.25))
— /327 (9(0.25) — 1 4 &(1.25))
— v/327(0.5987 + 0.8944 — 1).

BONUS - Q2 (15 points) Let X be a Uniform random variable on (a,4) for some a < —1. If
P(X2— X —2<0)=1/2

then what is the value of a?

Solution :

If X ~ Uniform(a,4) then its PDF is

1
,a <x <4,
4—a
f(x) =
0 ,else
Also
1
5:IP’(XQ—X—Z<()):]P’((X—2)(X—|—1)<0)
=P(-1 <X <2)
2 2
14—a 4—a] , 4-—a
Hence
4—a=26
and
a=—2



Q4 |

Q5 |

Student ID: Row No:

Q6 |

Q7|

Last Name:

First Name:

4. (14 points)There are 6 balls in an urn numbered 1 through 6. You randomly
select 4 of those balls. Let the random variable Y denote the maximum of the
four numbers on the selected balls. Find the sample space Sy of Y and the
probability mass function of Y.

Solution :

Note that Sy = {4,5,6} . Then

p(4) = P(Y

:4)

: mamy@%), p(@ﬂ”(YG)@,
) ()
(L
6
p(x) = (4)
(0
0 ,clse.




5. (15 points) You start with a full deck of cards. You select cards from the deck,
with replacement, until you get a card other than an ace. (There are 52
cards in a standard deck, out of which 4 are Aces.)

i. Find the probability that at most 3 cards should be drawn?

Solution :
Define

X = the first trial that you obtain a card other than ace.

Then

48
X~G tric|{ — | -
eometric (52)

The question is

P(X <3)=p(1) +p(2) + p(3)

_48 4 48 )74 8
52 52 52 52 52

ii. What is the expected value of the number of cards drawn?

Solution :
1 52
52

1ii. What is the variance of the number of cards drawn?

Solution:

4
1 1 9
Var(X) = — — 52

CICNE
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6. (15 points) Suppose that the annual number of storms that are formed off the
Antalya coast has a Poisson distribution with mean 15. What is the probability
that during 6 months (half a year) there are at most five storms?

Solution :
Define

X = the number of storms at Antalya coast during 6 months.
Then X is a Poisson random variable with parameter A = 5 Hence
P(X <5) =p(0) +p(1) + p(2) + p(3) + p(4) + p(5)

(15>2 (15)3
— ¢ 15/2 4 —15/2, g b e 1/2. 2 4 e 15/2 2

2 3!



7. (14 points) We play a game in the following way: we roll four dice one after the
other and if a die lands on six we win 5 dollars and if it lands on three we lose 4
dollars (and nothing happens for the other numbers). The four dice are biased
in the following way :

Die 1: p(6) =1/4, p(5) =1/4,

and all other numbers are equally probable.

Die 2: p(6) =2/9, p(5) =2/9,

and all other numbers are equally probable.

Die 3: p(6) =1/5,  p(5) = 1/5,

and all other numbers are equally probable.

Die 4: p(6) =2/11, p(5) =2/11,

and all other numbers are equally probable.

What is the expected amount of money in our pocket at the end of the game.
Solve the problem considering the expected value of sum of random variables.

Solution :
Define

X, = winnings from die 1,
Xy = winnings from die 2,
X3 = winnings from die 3,

X4 = winnings from die 4.



Then

E(Xl):5-10(6)—4.;9(3):5&_4.%:;l
E(Xg):5-p(6)—4-p(3):5-§_ %:g
]E(Xg):5-p(6)—4-p(3):5.%_4.%:g
E(X,) = 5-p(6) —4-p(3) =5+ = —d-— = 2

And

E(X) + Xy + X3+ Xy) = E(X)) + E(X,) + E(X3) + E(Xy)
5.2 3
9 5 '

’ -
4 11



