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1. (18 points) There is a toll bridge where the vehicles are charged by an automated
license-plate-reading system. The system scan each vehicle’s plate and charge
the toll from their accounts. However the system may fail and may not read
the license plate 1 of every 50 vehicles. For a quality check, we observe the next
20 vehicles passing through the bridge.

i. What is the exact probability that the system fails at most 2 times, that
is, it won’t be able to read the plates of at most 2 of the vehicles?

ii. Find the probability that the system fails at most 2 times by a Poisson
approximation.
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2. ( 10 points) Determine whether the following statements are True or False.
Circle T or F. No explanation is required. Let A, B, and Ai denote events in
a sample space S, let P(.) denote a probability measure and E(.) denote the
expectation on S.
( Note: A statement is assumed to be true if it is true in any possible case,
and it is assumed to be false if it fails in at least one case.):

i. If X is a continuous random variable and x0 is any point
in the range of X, then P(X = x0) = 0. T F

ii. If X is a discrete random variable,
then P (X ≤ a) = P (X < a) for any constant a. T F

iii. E(X − E(X)) = 0 for any random variable X. T F

iv. If, for two random variables X and Y , X ≥ Y , then E(X) ≥ E(Y ). T F

v. If X and Y are two independent random variables,
then the events (X > 1) and (Y > 1) are independent. T F

vi. If X and Y are 2 discrete random variables then their joint PMF,
pX,Y , is the product of their marginal PMFs. T F

vii. If X and Y are 2 jointly continuous random variables then
their joint PDF satisfies 0 ≤ fX,Y (x, y) ≤ 1. T F

viii. If X is a Gaussian with variance σ2 and P(X > a) = P(X < a) then
Y = (X − a)/σ2 is a standard Gaussian. T F

ix. If Z is a standard Gaussian then P(Z < 0) = P(Z > 0). T F

x. Variance can be negative for some random variables. T F
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3. (20 points) Let X and Y be jointly continuous random variables with the joint
density

fX,Y (x, y) =

{
λxy2 , 0 ≤ x ≤ y ≤ 1,

0 , otherwise
.

i. Find the value of the constant λ ?

ii. What are the marginal probability density functions?

iii. Find the conditional probability density fY |X(y|x).

iv. Calculate the probability P
(
Y >

3

4

∣∣∣∣ X =
1

2

)
.

v. Are X and Y independent? State with reasons?
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BONUS (10 puan) Evaluate the following integral:∫ 5

2

e
(x−3)2

8 dx
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4. (18 points) There are 10 dice and 2 of them are biased. They are biased in the
following particular way: for these biased dice ”6” occurs half of the times and
”1, 2, 3, 4 and 5” show with equal probability. Now, we randomly chose one
die out of these 10 dice and we roll it. (”biased”: hileli)

i. What is the probability that we get a 6?

ii. If we get a 6, what is the probability that it is one of the biased dice?

iii. If we get a 2, what is the probability that it is NOT one of the biased dice?
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5. (18 points) A function is defined in the following way:

f(x) =

{
a · 3x , x < 0,

a · 3−x , x ≥ 0.

i. What does a need to be so that the function is a probability density func-
tion (PDF) of a random variable X?

ii. Calculate the Cumulative Distribution Function.

iii. Calculate the expected value E(X).
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6. (16 points)

i. A robot’s life time until its first technical problem (breaking down) is
an exponential random variable X with parameter λ . It is known that
P(X > 6) = 0.3. What is the probability the robot breaks down within
the first 4 years of production?

ii. A real number is selected with respect to a normal distribution with mean
8 and variance 36. What is the probability that the square of the selected
number is greater than 100?
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NOTE: The density of a Gaussian random variable is f(x) =
1√

2πσ2
e

(x−µ)2

2σ2 .
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